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ABSTRACT 
A two-step hybrid per turbat ion-Galerkin method t o  s o l v e  a v a r i e t y  of 
a p p l i e d  mathematics problems which involve a small parameter i s  presented.  
The method c o n s i s t s  o f :  (1 )  t h e  use of a r egu la r  or s i n g u l a r  p e r t u r b a t i o n  
method t o  determine t h e  asymptot ic  expansion of t he  s o l u t i o n  in terms of t h e  
small parameter;  ( 2 )  cons t ruc t ion  of an approximate s o l u t i o n  i n  t h e  form of a 
sum of t h e  p e r t u r b a t i o n  c o e f f i c i e n t  func t ions  mul t ip l i ed  by (unknown) ampli- 
tudes  (gauge func t ions ) ;  and ( 3 )  t h e  use  of t h e  classical  Bubnov-Galerkin 
method t o  determine t h e s e  amplitudes.  This hybrid method has  t h e  p o t e n t i a l  of 
overcoming some of t h e  drawbacks of t h e  pe r tu rba t ion  method and t h e  Bubnov- 
Ga le rk in  method when they  are app l i ed  by themselves, while  combining some of 
t he  good f e a t u r e s  of both. The proposed method is  app l i ed  t o  some s i n g u l a r  
p e r t u r b a t i o n  problems i n  s l e n d e r  body theory. The r e s u l t s  ob ta ined  from t h e  
hybrid method are compared with approximate s o l u t i o n s  obta ined  by o t h e r  
methods, and t h e  degree of a p p l i c a b i l i t y  of t h e  hybrid method t o  broader  pro& 
l e m  areas i s  discussed.  
Research f o r  t h e  f i r s t  au thor  was supported under t h e  Nat iona l  Aeronaut ics  and 
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1. ItmRoDuCT1:oR 
A two-step hybr id  a n a l y s i s  technique,  which combines p e r t u r b a t i o n  tech- 
n iques  wi th  t h e  Galerk in  method, promises t o  be u s e f u l  i n  t h e  a n a l y s i s  of a 
wide v a r i e t y  of d i f f e r e n t i a l  equat ions  t y p e  problems. The hybrid technique  
was appa ren t ly  f i r s t  s t u d i e d  by Ahmed K. Noor and c o l l a b o r a t o r s  i n  con junc t ion  
w i t h  t h e  f i n i t e  element a n a l y s i s  of geometr ica l ly  non l inea r  problems in 
s t r u c t u r a l  mechanics [22-391. 
The Galerk in  method [71 has ,  of course,  been known and used f o r  a long 
t i m e .  Rut a p r i n c i p a l  problem as soc ia t ed  with i ts  success fu l  a p p l i c a t i o n  l ies  
i n  t h e  choice  of a p p r o p r i a t e  b a s i s  funct ions.  It w a s  proposed by Nagy [19] 
and developed by o t h e r s  [1,2,20] t h a t  t h e  expense of a n a l y s i s  of c e r t a i n  non- 
l i n e a r  s t r u c t u r e s  problems can be sharp ly  reduced by s e l e c t i n g  a r e l a t i v e l y  
small number of l i n e a r  buckl ing modes as t r ia l  func t ions  f o r  use  in a Ga le rk in  
technique. Then t h e  set of s o l u t i o n s  corresponding t o  a cont inuously vary ing  
parameter ,  such as a load f a c t o r ,  can be approximately determined, a t  least  
ove r  some l i m i t e d  range of loading,  w i t h  a r e l a t i v e l y  small number of non- 
l i n e a r  d i s c r e t i z e d  equat ions ,  in place  of t h e  much l a r g e r  number of non l inea r  
f i n i t e  element equat ions  needed f o r  modeling even r e l a t i v e l y  s i m p l e  geometr ic  
conf igu ra t ions .  
I n  a series of papers  [22-391, Noor and h i s  c o l l a b o r a t o r s  have shown f o r  
a v a r i e t y  of s t r u c t u r a l  mechanics problems t h a t  t he  terms i n  a Taylor  series 
expansion of t h e  s o l u t i o n  of a parameterized system of d i s c r e t i z e d  equat ions  
can be p a r t i c u l a r l y  e f f e c t i v e  as Galerkin t r i a l  func t ions  (or b a s i s  vec- 
t o r s ) .  I n  a d d i t i o n ,  it has  been repeatedly demonstrated t h a t  t h e  "reduced- 
bas i s "  s o l u t i o n s  can be u s e f u l  f o r  s i g n i f i c a n t l y  l a r g e r  va lues  of t h e  expan- 
s i o n  parameter t han  t h e  t runca ted  Taylor series s o l u t i o n s  on which they  are 
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based. Noor and c o l l a b o r a t o r s  [ 2 9 , 2 4 ]  have a l s o  app l i ed  t h e  same g e n e r a l  
p r i n c i p l e s  but without  d i s c r e t i z a t i o n  t o  some thermal  a n a l y s i s  and s t r u c t u r e s  
problems. A t rea tment  of t h e  reduced b a s i s  method from a mathematical  po in t  
of view is given by Fink and Rheinbol t  161. 
Some gene ra l  observa t ions  about t h e  technique are t h e  following. F i r s t ,  
in many p e r t u r b a t i o n  problems, much e f f o r t  has  t o  be expended t o  compute each 
a d d i t i o n a l  term ( a n a l y t i c a l l y )  in a p e r t u r b a t i o n  expansion. Through t h e  use  
of t h e  proposed hybr id  method, t h e  known p e r t u r b a t i o n  terms can be e x p l o i t e d  
more fu l ly .  Secondly, another  way of viewing t h e  technique is t o  recognize 
t h a t  in many p e r t u r b a t i o n  expansions t h e  f u n c t i o n a l  form of t h e  h ighe r  o rde r  
terms can be w e l l  approximated by a l i n e a r  combination of t h e  lower o r d e r  
terms. Thus, much of t h e  e f f e c t  of t h e  h ighe r  terms may be included by apply- 
i n g  the  reduced b a s i s  technique t o  a small number of lower o rde r  terms. 
F i n a l l y ,  p re l iminary  unpublished i n v e s t i g a t i o n s  i n d i c a t e  t h a t ,  while  t h e  use  
of a Taylor series expansion is  f r equen t ly  l i m i t e d  by a f i n i t e  r ad ius  of con- 
vergence, t h e  proposed hybrid method can sometimes y i e l d  good r e s u l t s  even 
w e l l  ou t s ide  t h e  r ad ius  of convergence. 
It is our b e l i e f  t h a t  t h e  j u n c t i o n  of p e r t u r b a t i o n  and Galerk in  tech- 
niques can be u s e f u l  in a wide v a r i e t y  of a p p l i c a t i o n  areas, and i n  t h e s e  
a p p l i c a t i o n s  t h e  hybr id  technique w i l l  g ive  b e t t e r  approximations than  t h e  
pe r tu rba t ion  method alone. In t h i s  paper,  w e  w i l l  p r e sen t  a p p l i c a t i o n s  of t h e  
technique,  independent of f i n i t e  element o r  f i n i t e  d i f f e r e n c e  methods, and in 
an  area w e l l  a p a r t  from s t r u c t u r a l  mechanics. In p a r t i c u l a r ,  in t h e  next  sec- 
t i o n ,  we s h a l l  d e s c r i b e  t h e  method in more d e t a i l  and then apply it t o  a 
s imple two po in t  boundary va lue  problem in Sec t ion  3. In Sect ions  4 and 5, w e  
s h a l l  app ly  t h e  method t o  two s i n g u l a r  p e r t u r b a t i o n  problems in s l e n d e r  body 
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theory. 
some areas f o r  f u r t h e r  study. 
I n  Sec t ion  6, we make some observat ions about o u r  method and i n d i c a t e  
2. DESCRIPTION OF THE METHOD 
The zethcc! WP wish t o  d e s c r i b e  is a two-step hybrid a n a l y s i s  technique. 
It is based upon t h e  success ive  use of a s t r a i g h t f o r w a r d  p e r t u r b a t i o n  expan- 
sion method and t h e  c lass ical  Rubnov-Galerkin approximation technique. In t h e  
p e r t u r b a t i o n  method, t h e  s o l u t i o n  t o  a p a r t i c u l a r  problein iavolving a m a l l  
parameter is developed in terms of a s e r i e s  of unknown "perturbat ion" func- 
t i o n s  with preassigned c o e f f i c i e n t s ,  i.e., gauge func t ions .  The p e r t u r b a t i o n  
f u n c t i o n s  are u s u a l l y  determined by solving a r e c u r s i v e  s e t  of d i f f e r e n t i a l  
equa t ions  which are, in gene ra l ,  s impler  than t h e  o r i g i n a l  governing d i f f e r e n -  
t i a l  equation. By c o n t r a s t ,  in t h e  Bubnov-Galerkin technique one seeks  an  
approximate s o l u t i o n  t o  t h e  problem in t h e  form of a l i n e a r  combination of 
s p e c i f i e d  (known) coord ina te  func t ions  w i t h  unknown c o e f f i c i e n t s .  The c o e f f i -  
c i e n t s  are determined by demanding t h a t  the r e s i d u a l  formed by s u b s t i t u t i n g  
t h e  t r i a l  s o l u t i o n  i n t o  t h e  governing d i f f e r e n t i a l  equa t ions  is orthogonal  t o  
each of t h e  coord ina te  func t ions .  
While t h e  p e r t u r b a t i o n  and Galerkin methods are u s e f u l  and have been 
s u c c e s s f u l  i n  providing approximate s o l u t i o n s  t o  a wide v a r i e t y  of n o n l i n e a r  
(and o the rwise  d i f f i c u l t )  problems, each has c e r t a i n  drawbacks. The per turba-  
t i o n  method has a t  least two major drawbacks. F i r s t ,  as t h e  number of terms 
i n  t h e  p e r t u r b a t i o n  expansion i n c r e a s e s ,  t h e  mathematical  complexity of t h e  
equa t ions  which determine t h e  unknown funct ions i n c r e a s e s  r ap id ly .  Thus, in 
most p r a c t i c a l  a p p l i c a t i o n s ,  t h e  p e r t u r b a t i o n  series is l i m i t e d  t o  only a few 
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terms. A second drawback t o  t h e  p e r t u r b a t i o n  method is  t he  requirement of 
r e s t r i c t i n g  t h e  p e r t u r b a t i o n  parameter t o  small va lues  in orde r  t o  o b t a i n  
solut iOns of accep tab le  accuracy. (These drawbacks of t h e  p e r t u r b a t i o n  method 
have been recognized and s e v e r a l  modi f ica t ions  o r  ex tens ions  have been 
proposed, see e.g., Van Dyke [42] and Andersen and Geer [3] . )  The main shor t -  
coming of t he  Bubnov-Galerkin method is t h e  d i f f i c u l t y ,  from a pract ical  po in t  
of view, of s e l e c t i n g  good coord ina te  func t ions .  
To i l l u s t r a t e  t h e  gene ra l  i deas  of t h e  hybrid ( o r  "reduced bas is" )  
method, suppose we  are seeking  (an approximation t o )  t h e  s o l u t i o n  U t o  t h e  
problem 
where L is some d i f f e r e n t i a l  ( o r  i n t e g r a l )  ope ra to r  and E is a small 
parameter. Here (2 .1)  holds  in some domain D,  and, in a d d i t i o n ,  U must 
s a t i s f y  c e r t a i n  cond i t ions  on t h e  boundary of D. Now t h e  a p p l i c a t i o n  of t h e  
hybr id  per turba t ion /Galerk in  method can be d iv ided  i n t o  t h e  fo l lowing  two d i s -  
t i n c t  s teps:  (1)  gene ra t ion  of t h e  coord ina te  func t ions  by a s t r a i g h t f o r w a r d  
pe r tu rba t ion  expansion of U and ( 2 )  computation of t h e  ampli tudes of t h e s e  
coord ina te  func t ions  by us ing  t h e  Bubnov-Galerkin method. 
To descr ibe  t h i s  i d e a  in more d e t a i l ,  suppose t h a t  t h e  s o l u t i o n  t o  (2.1) 
can be expanded by a p e r t u r b a t i o n  technique  i n t o  a series of the form 
n- 1 
where each u j  is independent of E and { y j ( ~ ) )  is an  a p p r o p r i a t e  
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asymptot ic  sequence of gauge func t ions .  
are obtained by s u b s t i t u t i n g  (2.2) i n t o  (2.1) and s e t t i n g  t h e  c o e f f i c i e n t  of 
The equa t ions  t o  determine t h e  u j  
equa l  t o  zero,  f o r  j = 0,1,. *. ,n-1. I n  a similar manner, t h e  boundary 
are determined by us ing  (2.2) i n  t h e  boundary condi- 
y j  
cond i t ions  f o r  each u j  
t i o n  for U. 
The pertiirhation f u n c t i o n s  u4  are  now chosen as coord ina te  f u n c t i o n s  
f o r  t h e  Bubnov-Galerkin technique; and an approximation 9 f o r  U is 
J 
sought i n  t h e  form 
n- 1 
3 = 1 u.6 
j -0 ~j 
= 6 . ( E )  r e p r e s e n t  t h e  amplitudes of t h e  where t h e  (unknown) parameters 
coord ina te  f u n c t i o n s  uj .  To determine these parameters,  w e  apply t h e  Bubnov- 
Ga le rk in  technique t o  t h e  governing equat ion (2.1). Thus, w e  s u b s t i t u t e  (2.3) 
i n t o  (2.1) and demand t h a t  t h e  r e s i d u a l  be or thogonal  t o  t h e  n coord tna te  
f u n c t i o n s  ove r  t h e  domain D, i.e., 
'3 J 
n- 1 
I L( 1 u 6 ,E)\dx = 0, k = O,l,**.,n-l .  D j = O  j j  
Equat ions (2.4) r e p r e s e n t  a set of n equat ions f o r  t h e  n unknown ampli-  
tudes.  While (2.4) must, i n  gene ra l ,  be solved numerically,  s o l v i n g  it  is 
much s imple r  t han  numerical ly  s o l v i n g  (2*1).  In p a r t i c u l a r ,  f o r  a f i x e d  va lue  
of E ,  t h e  s o l u t i o n  t o  (2.4) is a po in t  in n-dimensional space,  where n is 
reasonably small, wh i l e  t h e  s o l u t i o n  of (2.1) i s  a continuous funct ion.  
We should no te  t h a t  t h i s  p a r t i c u l a r  choice of coord ina te  func t ions  over- 
comes t h e  main drawback of t h e  Bubnov-Galerkin method. By t h e  way they are 
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cons t ruc ted ,  t h e  p e r t u r b a t i o n  coord ina te  func t ions  are (under c e r t a i n  assump- 
tions) elements of a s e t  of func t ions  which span t h e  space of s o l u t i o n s  i n  a 
neighborhood of t h e i r  po in t  of genera t ion .  Thus, they should f u l l y  cha rac t e r -  
i z e  the  s o l u t i o n  U i n  t h a t  neighborhood. Also, i n  many a p p l i c a t i o n s ,  t h e  
func t ions  u j  are determined by s o l v i n g  a set  of l i n e a r  equat ions ,  even 
though the  o r i g i n a l  ope ra to r  L may be nonl inear .  The f i r s t  p roper ty  is  
necessary f o r  t h e  convergence of t h e  Bubnov-Galerkin method, whi le  t h e  second 
proper ty  enhances t h e  e f f e c t i v e n e s s  of t h e  proposed hybr id  method f o r  s o l v i n g  
nonl inear  problems. 
Another important  proper ty  of t h e  proposed method is  t h a t  the coord ina te  
func t ions ,  i.e., t h e  p e r t u r b a t i o n  func t ions ,  do not  need t o  come from a 
r e g u l a r  p e r t u r b a t i o n  expansion. In f a c t ,  a l l  t h a t  i s  needed is  a formal  
asymptotic expansion of t h e  s o l u t i o n  t o  (2.1) f o r  small va lues  of E in t h e  
form of (2.2), where t h e  are a set of appropr i a t e  gauge f u n c t i o n s ,  
e.g., expressions which involve l o g ( € )  o r  f r a c t i o n a l  powers of E .  
Thus, the proposed method has  t h e  p o t e n t i a l  of being app l i ed  t o  s i n g u l a r  as 
w e l l  as r egu la r  p e r t u r b a t i o n  problems. In t h e  fo l lowing  s e c t i o n ,  w e  s h a l l  
i l l u s t r a t e  our method us ing  t h e  r egu la r  p e r t u r b a t i o n  expansion of a s imple two 
p o i n t  boundary va lue  problem, while  i n  Sec t ions  4 and 5 w e  s h a l l  apply t h e  
method t o  some s i n g u l a r  p e r t u r b a t i o n  problems i n  s l e n d e r  body theory.  
( y j ( c ) }  
3. ASIMPLEEXAMPLE 
To i l l u s t r a t e  t h e  ideas  j u s t  d i scussed ,  w e  cons ider  t h e  fo l lowing  s i m p l e  
example. Consider t he  two-point boundary va lue  problem: 
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I U” - & U’ = E ,  O < x < l ,  
(3.1) 
w i t h  U(0) = 0 and U(1) = 0. 
The exac t  s o l u t i o n  t o  t h i s  problem i s  U = (1 - e C x ) / ( 1  - e‘) - x,  which 
exhibits 5ct.rr.iary l a y e r  behavior around x = 1 fo r  l a r g e  va lues  of e .  A 
r e g u l a r  p e r t u r b a t i o n  expansion of U y i e l d s  a s e r i e s  of t h e  form 
n i n+l)  u = 1 u.(xje-’  + O(C 
J 
(3.2) 
j=l  
where each u j  i s  a polynomial i n  x of degree ( j + l )  and vanishes  a t  x = 
0 and 1. Following t h e  ideas  d iscussed  above, w e  look f o r  an approximate 
s o l u t i o n  i n  t h e  form 
n 
j-1 
= 1 u . ( x >  s j ( d  
J 
(3.3) 
a r e  t o  be determined. To determine them, w e  sub- where t h e  ampli tudes 
s t i t u t e  (3.3) i n t o  (3.1) and apply  t h e  Bubnov-Galerkin c r i t e r i o n  (2.4) t o  ob- 
t a i n  t h e  s e t  of equat ions  
% 
(3.4) f a j ,k (E)  6k  = b j ( e ) ,  j = 1 ,2 ,* .* ,n  
k= 1 
i 
I ‘ where 
1 1 
a ( e )  = / u . ( x ) [ u i O ( x )  - ~u;C(x)ldx,  b = e / u.(x)dx.  
j , k  0 ’  j O J  
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I n  t h i s  case ,  t h e  equat ions  f o r  t h e  6 are l i n e a r  s i n c e  t h e  o r i g i n a l  
j 
problem is  l i n e a r .  For example, s e t t i n g  n = 2 i n  (3.4), w e  f i n d  
2 
E - E: - 
6 1  1+E2/60 ’ 6 2  1+E2/60 
For sma l l  va lues  of E,  w e  s e e  t h a t  t h e s e  express ions  reduce t o  E and 
E , as they should.  For n = 4, we f i n d  (by us ing  t h e  symbolic computation 
system MACSYMA [ 1 6 ] )  t h a t  
2 
3 
, 62 = €d1 1 5 1 2 0 ~  + 4 2 0 ~  
15120 + 4 2 0 ~ ~  + E 
- 
61  
3 
, 64 = - 1 5 1 2 0 ~  - 6 3  15120 + 4 2 0 ~ ~  + E 
(Note t h a t  t he  6 . -s  remain f i n i t e  a s  E becomes l a r g e ,  which sugges t s  
t h a t  the approximate hybrid s o l u t i o n  € o r  t h i s  problem may be v a l i d  even f o r  
l a r g e  values of E.) 
J 
In Figures  1 and 2, w e  i l l u s t r a t e  t h e  comparison of t h e  exac t  s o l u t i o n  
wi th  our approximate s o l u t i o n  and t h e  p e r t u r b a t i o n  s o l u t i o n  f o r  n = 2 and n 
= 4, respec t ive ly .  For n = 2, t h e  t h r e e  s o l u t i o n s  agree  very w e l l  f o r  va lues  
of E up t o  about E = 1. For l a r g e r  va lues  of E ,  t h e  p e r t u r b a t i o n  
s o l u t i o n  begins t o  d ive rge  from t h e  exac t  s o l u t i o n ,  while  8 s t i l l  g ives  
reasonable approximations up t o  about E = 5. A similar comparison us ing  
f o u r  terms i n  t h e  approximate s o l u t i o n s  shows t h a t  our  hybr id  s o l u t i o n  is con- 
s i s t e n t l y  more a c c u r a t e  than  t h e  p e r t u r b a t i o n  s o l u t i o n  and g ives  reasonable  
r e s u l t s ,  even wi th in  t h e  boundary l a y e r ,  for values  of E up t o  about 10, 
where the p e r t u r b a t i o n  s o l u t i o n  i s  meaningless.  
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Some of t h e  reasons why our hybrid method provides  a good approximation 
i n  t h i s  case, as w e l l  as i n s i g h t s  t h i s  example provides  f o r  t h e  v a l i d i t y  of 
our  method, w i l l  be d iscussed  i n  Sec t ion  6 .  The a p p l i c a t i o n  of our  hybr id  
method t o  s e v e r a l  gene ra l  classes of two poin t  boundary value problems, as 
w e l l  as va r ious  ex tens ions  of t he  method, a r e  c u r r e n t l y  under i n v e s t i g a t i o n  
az8 will he reported elsewhere. 
4. POTENTIAL FLOW PAST A SLENDER BODY OF REVOLUTION 
Slender  body theory  has  been developed and app l i ed  l a r g e l y  i n  t h e  con tex t  
of c lass ical  f l u i d  mechanics. For example, p o t e n t i a l  f low p a s t  an  a x i a l l y  
symmetric s l e n d e r  body has  been s tud ied  ex tens ive ly  s i n c e  t h e  work of Munk 
[la]. This  work is now a p a r t  of s l e n d e r  body theory ,  which is t h e  theory  of 
f i e l d s  about a s l e n d e r  body. It is  discussed i n  d e t a i l ,  a long wi th  r e l evan t  
r e fe rences ,  i n  var ious  books, e.g., Thwaites [40] and Van Dyke [41], as w e l l  
as t h e  p a p e r  by Newman [21]. More r ecen t  work on t h e  a x i a l l y  symmetric f low 
problem has  been done by Moran [17], Landweber [15], and Handelsman and Keller 
[12]. Recent ly ,  t h e s e  r e s u l t s  have been extended and genera l ized  by Geer 
[a]. I n  a d d i t i o n ,  t h e  i d e a s  of uniform s l ende r  body theory have been app l i ed  
s u c c e s s f u l l y  t o  problems i n  o the r  a r e a s ,  such as Stokes flow p a s t  a s l e n d e r  
body (Geer [9] 1, t h e  e l e c t r o s t a t i c  f i e l d  about a d i e l e c t r i c  s l e n d e r  body 
1 (Barshinger  and Geer [4]), t h e  s c a t t e r i n g  of an a r b i t r a r y  a c o u s t i c a l  wave by a 
' s l e n d e r  body of r e v o l u t i o n  (Geer [lo]), as w e l l  as a special case of e l e c t r o -  I 
I 
I magnetic s c a t t e r i n g  (Geer [ll]). 
To i l l u s t r a t e  t h e  a p p l i c a b i l i t y  of our hybrid method t o  problems i n  t h i s  
area, w e  s h a l l  cons ider  two problems which involve  a s l e n d e r  body of revolu- 
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t i o n .  These problems w i l l  s e rve  as model problems f o r  t h e  a p p l i c a t i o n  of ou r  
method t o  more gene ra l  problems i n  s l e n d e r  body theory.  Typ ica l ly ,  t h e s e  
problems are - not  r egu la r  p e r t u r b a t i o n  problems, s i n c e  t h e  s o l u t i o n s  c o n t a i n  
terms involving l o g ( € )  as w e l l  as powers of E ,  where E i s  t h e  
s lenderness  r a t i o  of t h e  body (see e.g., Geer [ 8 ] ) .  In a d d i t i o n ,  t h e  solu-  
t i o n s  t o  some of t h e s e  problems involve  series in i nve r se  powers of l o g ( € ) ,  
which converge ( a t  b e s t )  very slowly, even f o r  reasonably small va lues  of E.  
The s p e c i f i c  problems w e  s h a l l  cons ider  are: (1) p o t e n t i a l  f low p a s t  a 
s l e n d e r  body, which w i l l  be considered i n  t h i s  s e c t i o n  and (2 )  t h e  e l e c t r o -  
s t a t i c  p o t e n t i a l  around a p e r f e c t l y  conduct ing s l e n d e r  body (Sec t ion  5). Each 
of these  problems con ta ins  f e a t u r e s  r e p r e s e n t a t i v e  of l a r g e r  classes of prob- 
lems fo r  which w e  be l i eve  t h e  hybrid method w i l l  be of some s i g n i f i c a n t  
value.  For example, t h e  flow problem is  a good r e p r e s e n t a t i v e  of a s i n g u l a r  
( a s  opposed t o  r egu la r )  p e r t u r b a t i o n  problem involv ing  a r e l a t i v e l y  r a p i d l y  
converging series. S i m i l a r  series occur  i n  t h e  s tudy  of c e r t a i n  Stokes flow 
problems (Geer [ 9 ] ) ,  a c o u s t i c a l  s c a t t e r i n g  by a hard body (Geer [ l o ] )  or a 
p e r f e c t l y  conducting body (Geer [ l l ] ) ,  t h e  p o t e n t i a l  f i e l d  about a d i e l e c t r i c  
body (Barshinger and Geer [ 4 ] ) ,  and c e r t a i n  problems involv ing  o b l a t e  bodies  
(Homentcovschi [14]  ). The e l e c t r o s t a t i c  problem involves  a sequence of very 
s lowly converging series. S imi l a r  s lowly converging series a l s o  occur  i n  
i n v e s t i g a t i o n s  i n  s e v e r a l  o t h e r  problem areas, inc lud ing  c e r t a i n  o t h e r  Stokes 
flow problems (Geer [ 9 ] ) ,  s c a t t e r i n g  by a s o f t  body (Geer [ l o ] ) ,  and problems 
involv ing  t h e  i n t e r a c t i o n  of s h i p s  i n  shal low water (Davis and Geer [51). For 
s i m p l i c i t y ,  we s h a l l  cons ider  he re  only a s imple example i n  each of t h e s e  
areas. These model problems w i l l  s e r v e  t o  i l l u s t r a t e  t h e  use fu lness  of our  
method, and it  w i l l  a l s o  be clear how our  method can be app l i ed  t o  more 
g e n e r a l  problems i n  t h e s e  areas. 
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In t h i s  s e c t i o n ,  w e  s h a l l  cons ide r  t h e  problem of determining t h e  
p o t e n t i a l  flow around a s l e n d e r  body of revolut ion which i s  immersed in a 
uniform stream paral le l  t o  i t s  a x i s  ( s e e  e.g., Handelsman and Keller [12] o r  
Geer [ 8 ] ,  where t h i s  problem is general ized) .  We le t  t h e  body be desc r ibed  
by r = (x2 + y2)1’2 = EJ’S(Z)  , f o r  0 - -  < z < 1 (see Figure 3). Here E 
i s  t k e  slendernests r a t i o  of t h e  body, defined as t h e  r a t i o  of t h e  maximum 
r a d i u s  of t h e  body t o  its l eng th ,  while  S(z) d e s c r i b e s  t h e  p a r t i c u l a r  shape 
of t h e  body. We assume t h a t  S(0) = 0 = S ( 1 ) ,  while  S’(0) # 0 # S O ( l ) ,  where 
t h e  primes denote  d i f f e r e n t i a t i o n  with respect to z.  iriese l a s t  conditims 
ensu re  t h a t  t h e  body has a rounded ( i . e . ,  not s h a r p )  nose and t a i l .  (See Geer 
[81 f o r  a d i s c u s s i o n  of t h e s e  condi t ions.)  Then, fol lowing t h e  i d e a s  of 
Handelsman and Keller [12 ] ,  w e  r ep resen t  the p a r t  of t h e  v e l o c i t y  p o t e n t i a l  @ 
due t o  t h e  presence of t h e  body as t h e  supe rpos i t i on  of p o t e n t i a l s  due t o  
p o i n t  sources  d i s t r i b u t e d  along a p o r t i o n  of t h e  a x i s  of t h e  body and l y i n g  
e n t i r e l y  w i t h i n  t h e  body. Thus, w e  write: 
nn 
(4.1) 
where 4rf  is t h e  unknown d e n s i t y  of t h e  sou rce  d i s t r i b u t i o n  and a 
and 6, which determine t h e  e x t e n t  of t h e  d i s t r i b u t i o n  w i t h i n  t h e  body, 
s a t i s f y  0 < a < 6 < 1 (see F igure  3). The expres s ion  (4.1) sa t isf ies  
Laplace’s equa t ion  o u t s i d e  t h e  body and reduces t o  z a t  i n f i n i t y .  The con- 
d i t i o n  t h a t  t h e  normal component of t h e  v e l o c i t y  van i sh  on t h e  s u r f a c e  of t h e  
body, when used wi th  (4.1) becomes 
-1 2- 
which m u s t  hold f o r  0 < z < 1. Equat ion (4.2) is  an i n t e g r a l  equa t ion  f o r  
t h e  source dens i ty  f ( z , E ) ,  from which a and B can a l s o  be de te r -  
mined. In p a r t i c u l a r ,  Handelsman and Keller have shown t h a t  f can be de t e r -  
mined as a series of the form 
- -  
(4.3) 
‘(2) can be determined r ecu r s ive ly .  In f i , J  where the c o e f f i c i e n t  func t ions  
p a r t i c u l a r ,  u s ing  some of t h e  r e s u l t s  of Handelsman and Keller, we can w r i t e  
(4.4) 
where L:,’ 
and Kel le r  (see a l s o  Geer [9], appendix B). The parameters a and B 
i s  a c e r t a i n  l i n e a r  ope ra to r ,  def ined  p r e c i s e l y  by Handelsman 
. 
can be determined as power series i n  c L  and are given by 
(4.5) 
= 1 - d (E)2+ dld2($)4- dl(dld3+ 2d2)(=)  € 6  + O(E 8 1, dj= ( - l ) j S ( j ) (  
1 ’2  
To i l l u s t r a t e  t h e  a p p l i c a t i o n  of t h e  hybrid method t o  t h i s  Problem, w e  
s h a l l  t r e a t  a and f3 as known q u a n t i t i e s  ( s i n c e  they can be expressed 
as Taylor  series in with  s e v e r a l  c o e f f i c i e n t s  having been determined) ,  c2 ,  
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Equations (4.7) are a system of linear equations for the unknown ampli- 
tudes tjij, which can be solved in a straightforward manner. As a special 
example, we consider the case when n = 1 and hence our approximate solu- 
I tion 7 is of the form 
and concentrate on the behavior of f with E .  Following the ideas pre- 
sented in Section 2, we look for an approximation y to f in the form 
n i-1 
where the coefficients f i - i ( z )  are those which appear in (4.3) above and the 
amplitudes 6i,j(E) must be determined. To determine them, we substitute 
(4.6) into (4.21, apply the orthogonality conditions, and obtain the condi- 
tions: 
-,a 
n i-1 
(4.7) 
where 
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From (4.8) w e  can e a s i l y  show t h a t  
2 2  
= E 2  + y l E  4 log(€  2 + y 2 E 4  + o(& 6 ( log (€  1) , as E + 0 ,  &1,0 
are c e r t a i n  cons tan ts .  Hence, as E + 0,  our  where y 1  and 
approximate s o l u t i o n  (4.8) reproduces t h e  f i r s t  term in t h e  p e r t u r b a t i o n  solu-  
t i o n  (4.4) exac t ly ,  whi le  a l s o  "an t i c ipa t ing"  some of t h e  E behavior  of 
t h e  higher order  terms. For t h e  s p e c i a l  case when the  body is a p r o l a t e  
sphero id ,  i.e., when S ( z )  = 4z(1-2), t h e  i n t e g r a l s  appearing in (4.8) can be 
evaluated e x p l i c i t l y ,  y i e l d i n g  
y 2  
= € 2 [ / Z  - 2E2C(E)l-1 
&1,0 
1 + 1 1 - 4 ~ ~  
C(6) = 210g[ 2a I .  
When (4.9) is i n s e r t e d  i n t o  (4.8), w e  f i n d  t h a t  (4.8) y i e l d s  t h e  exact solu-  
t i o n  t o  the i n t e g r a l  equa t ion  (4.2) f o r  t h i s  case. Thus, t h e  hybrid method, 
€or t h i s  special case, y i e l d s  t h e  exact s o l u t i o n  us ing  only t h e  "information" 
contained in t h e  f i r s t  term of t h e  p e r t u r b a t i o n  so lu t ion .  This  po in t  w i l l  be 
d iscussed  i n  more d e t a i l  in Sec t ion  6. 
To obta in  some i d e a  of t h e  accuracy of our  approximate s o l u t i o n  (4.6) f o r  
o t h e r  body shapes,  w e  have app l i ed  our  method t o  a class of "dumbbell" shaped 
bodies ,  described by S(z) = 4bz(1-z){1-bz(l-z)}, wi th  2 < b < 4 .  I n  F igure  
4, w e  i l l u s t r a t e  our  r e s u l t s  f o r  t h e  r e p r e s e n t a t i v e  case b = 3 and f o r  E = 
0.03, 0.07, and 0.11. In p a r t i c u l a r ,  w e  compare our  hybrid s o l u t i o n  (4.6) 
w i t h  t h e  pe r tu rba t ion  s o l u t i o n  (4.3) and a s o l u t i o n  t o  (4.2) obta ined  by pure- 
-1 5- 
l y  numerical means (see t h e  Appendix). As the f i g u r e  c l e a r l y  i l l u s t r a t e s ,  t h e  
hybr id  s o l u t i o n  g i v e s  c o n s i s t e n t l y  b e t t e r  r e s u l t s  than t h e  p e r t u r b a t i o n  solu- 
t i o n  alone,  e s p e c i a l l y  f o r  t h e  case E: = 0.11, which appears  t o  be c l o s e  t o  
t h e  r ad ius  of convergence of t h e  pe r tu rba t ion  s o l u t i o n .  I n  a d d i t i o n ,  w e  have 
used ou r  hybrid s o l u t i o n  i n  (4.1) t o  c a l c u l a t e  t h e  (non-dimensional) p r e s s u r e  
caefflrient on t he  su r face  of a s l e n d e r  body. I n  F igu re  
5, w e  have p l o t t e d  Cp f o r  t h e  p r o l a t e  spheroid wi th  E = 0.3, u s i n g  ou r  
hybrid s o l u t i o n ,  t h e  p e r t u r b a t i o n  s o l u t i o n ,  and t h e  exac t  s o l u t i o n .  I n  F igu re  
6,  w e  have made a similar comparison f o r  our dilmbbell shzped body wi th  b = 3, 
which w a s  a l s o  d i scussed  by Wong, Liu, and Geer [431. Figure 5 i l l u s t r a t e s  
t h e  f a c t s  t h a t  our  hybr id  method has reproduced t h e  exac t  s o l u t i o n  t o  t h e  flow 
problem and t h a t  t h e  p e r t u r b a t i o n  s o l u t i o n  is (s lowly)  converging t o  t h e  cor- 
rect r e s u l t .  F igu re  6 a g a i n  i l l u s t r a t e s  t h a t  t h e  hybrid method produces con- 
s i s t e n t l y  b e t t e r  r e s u l t s  t han  t h e  pe r tu rba t ion  s o l u t i o n  alone. 
C (2) = 1 - lis0 l 2  
P 
5. ELECTROSTATIC POTENTIAL FIELD ABOUT A SLENDER CONDUCTOR 
We now cons ide r  t h e  problem of determining t h e  e l e c t r o s t a t i c  p o t e n t i a l  
f i e l d  about a p e r f e c t l y  conducting s l ende r  body of revolut ion.  For s impli-  
c i t y ,  w e  a g a i n  cons ide r  only a simple vers ion of t h i s  c lass ical  problem, name- 
l y ,  t h e  case when t h e r e  i s  no e x t e r n a l  f i e l d  and t h e  body is  r a i s e d  t o  u n i t  
p o t e n t i a l .  Thus, u s i n g  t h e  n o t a t i o n  of the previous s e c t i o n ,  w e  r e p r e s e n t  t h e  
p o t e n t i a l  as 
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where 4 7 r f ( z , ~ )  is  aga in  t h e  (unknown) source  s t r e n g t h  dens i ty .  The ex- 
p re s s ion  (5.1) s a t i s f i e s  Laplace’s equat ion  o u t s i d e  t h e  body and vanishes  a t  
i n f i n i t y .  The boundary cond i t ion  on t h e  s u r f a c e  of t h e  body l eads  t o  t h e  con- 
d i t i o n  
which is an  i n t e g r a l  equa t ion  f o r  f ( z , E ) ,  from which a and f3 can 
a l s o  be determined. In p a r t i c u l a r ,  Handelsman and Keller 1131 have shown 
t h a t  a and f3 are a g a i n  given by t h e  express ions  (4.5), whi le  f has 
an asymptotic expansion of t h e  form 
(5.3) 
where the c o e f f i c i e n t  func t ions  fm,  ( z )  can be determined r ecu r s ive ly .  In 
p a r t i c u l a r ,  us ing  some of t h e i r  r e s u l t s  ( s e e  a l s o  Barshinger  and Geer 141, 
where these r e s u l t s  have been gene ra l i zed  t o  t h e  case of a d i e l e c t r i c  body) w e  
can w r i t e  
f (2) = -1, 
os1 
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1 
where L is  a c e r t a i n  l i n e a r  ope ra to r  def ined e x p l i c i t l y  by Handelsman and 
Keller [13 ]  ( s e e  a l s o  Geer [91 ,  Appendix B).  
We no te  t h a t  t h e  series (5.3) contains  a sequence of ( a t  b e s t )  slowly 
We have used t h e  
e x p l i c i t l y  and then  used t h e s e  
converging series invo lv ing  inve r se  powers of 
express ions  (5.4) t o  compute some of t h e  fm,j 
r e s u l t s  i n  (5.3) t o  f i n d  approximations f o r  t h e  a c t u a l  s i n g u l a r i t y  d e n s i t y  
f ( z , s ) .  In Figure  7, we have p l o t t e d  the approximation f o r  f obtained from 
(5.3) us ing  d i f f e r e n t  numbers of terms. These approximations are compared 
log(€  2). 
with  a s o l u t i o n  t o  (5.2) obtained by purely numerical  methods ( s e e  t h e  Appen- 
d ix) .  A s  can be seen  from t h e  f i g u r e s ,  s e v e r a l  terms are needed i n  t h e  
p e r t u r b a t i o n  s o l u t i o n  t o  o b t a i n  a good approximation, even f o r  reasonably 
small va lues  of E .  
We now apply our  hybr id  method t o  t h i s  problem and look f o r  an approxi- 
mate s o l u t i o n  f i n  t h e  form 
where t h e  c o e f f i c i e n t s  fm, j (z )  are those which appear i n  (5.3) and t h e  
ampli tudes 6 are t o  be determined. To determine them, we s u b s t i t u t e  
(5.5) i n t o  (5.2), apply t h e  or thogonal i ty  cond i t ions ,  and o b t a i n  a se t  of 
equat ions  of t h e  form (4.7), where 
m, j 
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Hence, t h e  6 a g a i n  s a t i s f y  a system of l i n e a r  a l g e b r a i c  equat ions ,  
which can be solved i n  a s t r a igh t fo rward  manner. In p a r t i c u l a r ,  f o r  t h e  
s p e c i a l  case when n = 0 and JO 1 ( i .e . ,  f con ta ins  only one term), w e  
€ ind  tha t  
m, j 
2 -1 
= ( log€ 
reproduces t h e  f i r s t  term in t h e  asymptot ic  expansion (5.3) Thus, 6 
e x a c t l y ,  while  aga in  “ a n t i c i p a t i n g ”  some of t h e  h ighe r  o rde r  E behavior  of 
the so lu t ion .  For t h e  s p e c i a l  case when t h e  body is a p r o l a t e  sphero id  wi th  
S(z) = 42(1-z), w e  f i n d  t h a t  t h e  i n t e g r a l  appear ing  in (5.7) can be eva lua ted  
= {C(E)}-’, where C ( E )  is def ined  in (4.9). e x p l i c i t l y  t o  y i e l d  6 
When t h i s  r e s u l t  is i n s e r t e d  i n t o  (5.51, w e  f i n d  t h a t  (5.5) y i e l d s  t h e  exact 
s o l u t i o n  t o  t h e  i n t e g r a l  equa t ion  (5.2). These p o i n t s  w i l l  be d i scussed  more 
f u l l y  in Sect ion  6. 
091 
os1 
I n  Figure 7, w e  have a l s o  p l o t t e d  t h e  approximation t o  f(Z,E) Ob- 
t a i n e d  from our hybrid s o l u t i o n  (5.5). A s  t h e  f i g u r e s  c l e a r l y  i n d i c a t e ,  t h e  
hybr id  method c o n s i s t e n t l y  produces b e t t e r  approximations than  t h e  per turba-  
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t i o n  s o l u t i o n  alone. 
be d i scussed  i n  t h e  next  s ec t ion .  
Some of t h e  reasons f o r  t h e s e  b e t t e r  approximations w i l l  
6. DISCUSSION AND OBSERVATIONS 
We C ~ E  now make some obse rva t ions  about t h e  hybrid method and b r i e f l y  
d i s c u s s ,  a t  least h e u r i s t i c a l l y ,  why i t  seems t o  work as w e l l  as i t  does. 
I f  we r e t u r n  t o  equa t ion  2.2, w e  note t h a t  t h e  p e r t u r b a t i o n  method s e e k s  
t o  f i n d  an approximate s o l u t i o n  U t o  t h e  true s o l u t i o n  'J of (2.1) in the 
form of a f i n i t e  l i n e a r  combination of the p e r t u r b a t i o n  coord ina te  f u n c t i o n s  
u j  w i th  s p e c i f i e d  amplitudes (gauge func t ions )  {y (8 )) . Our hybr id  
method, on t h e  o t h e r  hand, seeks an approximate s o l u t i o n  i n  t h e  form of 
equa t ion  (2.3), which can be viewed as a l i n e a r  combination of some of t h e  
which are not p e r t u r b a t i o n  coord ina te  f u n c t i o n s  wi th  amplitudes 
s p e c i f i e d  a p r i o r i .  I n s t e a d ,  t h e  i s j}  are determined so  t h a t  'if w i l l  
be " the best"  approximation of t h e  form (2.3) u s ing  t h e  Galerkin c r i t e r i o n  
(2.4). Thus, i n  a geomet r i ca l  s ense ,  t h e  p e r t u r b a t i o n  method seeks t o  approx- 
imate t h e  shape of t h e  true s o l u t i o n  with a s p e c i f i c  l i n e a r  combination of 
t h e  u j ,  whi le  t h e  hybrid method seeks to  approximate t h e  shape of U wi th  
t h e  "best  possible"  ( i n  t h e  Galerkin sense)  l i n e a r  combination of a s p e c i f i e d  
s u b s e t  of t h e  {uj}.  Thus, t h e  p e r t u r b a t i o n  method ignores ,  f o r  example, 
l i n e a r  dependences among t h e  { u j l ,  while t h e  hybrid method i m p l i c i t l y  t a k e s  
t h e s e  dependences i n t o  account. An extreme case of t h i s  occurs i n  t h e  prob- 
l e m s  i n  Sec t ions  4 and 5 i n  t h e  s p e c i a l  case when t h e  body is a p r o l a t e  
spheroid.  I n  t h i s  case, a l l  of t h e  p e r t u r b a t i o n  coord ina te  f u n c t i o n s  are 
cons tan t  m u l t i p l e s  of t h e  f i r s t  func t ion  and hence are a l l  l i n e a r l y  dependent 
1 
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( s e e ,  €or example, Wong, Liu,  and Geer [43]) .  The p e r t u r b a t i o n  method thus  
produces an i n f i n i t e  number of terms in a formal  asymptot ic  series, but  each 
term has t h e  same "shape" as t h e  f i r s t  term, with only t h e  ampli tudes of t h e  
terms d i f f e r i n g .  The hybr id  method i n  essence "seeks out'' (in t h e  Galerk in  
sense  descr ibed)  t h e  t o t a l  dependence of t h e  shape of t h e  s o l u t i o n  on t h e  
terms included i n  t h e  approximation. Thus, in t h e  case of t h e  p r o l a t e  
sphero id ,  s i n c e  t h e  exac t  "shape" of t h e  t r u e  s o l u t i o n  is  contained in t h e  
f i r s t  term of t h e  approximation, t h e  hybrid method produces the  exac t  solu- 
t i o n .  Only the  amplitude of t h e  term needs t o  be modified. 
The hybrid method, then,  would seem t o  work w e l l  when t h e  p e r t u r b a t i o n  
coord ina te  func t ions  {u } e x h i b i t  a s i g n i f i c a n t  degree of l i n e a r  dependence. 
To i l l u s t r a t e  t h i s  dependence f o r  t he  examples w e  have presented ,  in Figures  
8-10 w e  have p l o t t e d  s e v e r a l  of the p e r t u r b a t i o n  coord ina te  func t ions  used i n  
t h e  hybrid approximation. In Figure  8, w e  have p l o t t e d  t h e  f i r s t  15 per turba-  
t i o n  funct ions €o r  t h e  s i m p l e  example d iscussed  in Sec t ion  3 (with each func- 
t i o n  normalized so  t h a t  i t s  maximum a b s o l u t e  va lue  is  1). We recal l  from 
t h e i r  d e f i n i t i o n  t h a t  each u j  i s  a polynomial of degree j+l and hence they 
are a l l  independent. However, as can be seen  c l e a r l y  from t h e  f i g u r e ,  on t h e  
i n t e r v a l  [0 ,1]  t hese  func t ions  are h ighly  dependent,  with e s s e n t i a l l y  only a 
few d i f f e r e n t  "shapes" occur r ing  among t h e  f i r s t  15 func t ions .  We have ex- 
pressed  each of t h e s e  15 f u n t i o n s  i n  terms of t h e  4 func t ions  obta ined  by 
apply ing  the Gram-Schmidt or thonormal iza t ion  process  t o  t h e  f i r s t  f o u r  func- 
t i o n s  u1 t o  u4. In Table I, w e  have presented  t h e  L2-norm of t h e  
d i f f e r e n c e  of t hese  expres s ions  and t h e  o r i g i n a l  p e r t u r b a t i o n  coord ina te  func- 
t i o n s .  The norms confirm t h a t  f a c t  i n d i c a t e d  by Figure  8 t h a t  e s s e n t i a l l y  any 
l i n e a r  combination of t h e  f i r s t  15 coord ina te  func t ions  can be w e l l  expressed 
j 
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i n  terms of j u s t  t h e  f i r s t  f o u r  Thus, w e  can say  t h a t  t h e  h igher  o r d e r  
p e r t u r b a t i o n  coord ina te  func t ions  add only a small amount of new informat ion  
about t h e  shape of t h e  t r u e  so lu t ion .  Presumably, t h e s e  f i r s t  f o u r  func t ions  
c o n t a i n  much of t h e  "shape information" contained i n  t h e  p e r t u r b a t i o n  func- 
t i o n s  of o rde r  h ighe r  than  f i f t e e n  as w e l l .  (We have examined s e v e r a l  o t h e r  
model two po in t  boundary va lue  problems and have found conclusions similar t o  
those  j u s t  expressed.  These examples, as w e l l  as o t h e r  a p p l i c a t i o n s  of our  
method, are c u r r e n t l y  under i n v e s t i g a t i o n  and w i l l  be repor ted  elsewhere.)  
These observa t ions  about the liilear deperidenzy cf t h e  p e r t u r b a t i o n  func t ions  
h e l p  t o  account f o r  t h e  accuracy of our  hybrid so lu t ion .  I f ,  on t h e  o t h e r  
hand, t h e  p e r t u r b a t i o n  func t ions  in a p a r t i c u l a r  problem t u r n  out  t o  be only  
weakly dependent on t h e  domain of i n t e r e s t ,  then  w e  would not  expect our 
hybr id  s o l u t i o n  t o  be much of an improvement over  t h e  p e r t u r b a t i o n  so lu t ion .  
u j .  
-
In Figure 9, w e  have p l o t t e d  t h e  f i rs t  €our  (normalized) p e r t u r b a t i o n  
func t ions  used i n  the p o t e n t i a l  flow problem discussed  in Sec t ion  4. In Table 
11, w e  have recorded c e r t a i n  L2-norms i n d i c a t i n g  t h e  accuracy of r ep resen t ing  
t h e s e  func t ions ,  as well as t h e  "exact" so lu t ions  f o r  d i f f e r e n t  va lues  of 8 ,  
in terms of t h e  f i r s t  f o u r  coord ina te  funct ions.  A s  t h e  t a b l e  c l e a r l y  ind i -  
cates, t h e  f o u r t h  p e r t u r b a t i o n  func t ion  adds very l i t t l e  "new" informat ion  
about t h e  shape of t h e  s o l u t i o n s .  In a similar manner, t h e  f i r s t  10 per turba-  
t i o n  func t ions  used f o r  t h e  e l e c t r o s t a t i c  problem discussed  in Sec t ion  5 are 
presented  in Figure  10, whi le  Table  I11 con ta ins  c e r t a i n  L2-norms which 
i n d i c a t e  t h e  degree of dependency among t h e  d i f f e r e n t  func t ions  and t h e  
exact"  so lu t ions .  Again t h e  degree of dependency t h a t  does e x i s t  he lps  t o  
e x p l a i n  why the  hybrid method produces considerably b e t t e r  accuracy than t h e  
p e r t u r b a t i o n  method alone.  (We have inves t iga t ed  s e v e r a l  o t h e r  s l e n d e r  body 
11 
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shapes i n  a d d i t i o n  t o  t h e  family of "peanut" shaped bodies presented  he re  and 
have again found r e s u l t s  concerning dependency s i m i l a r  t o  those  i n d i c a t e d  
above. 
The a b i l i t y  of t h e  hybrid method t o  pick out  c e r t a i n  dependencies i n  
h ighe r  order  terms can be seen  e x p l i c i t l y  i n  another  way. To i l l u s t r a t e  t h i s  
way f o r  t h e  problem considered i n  Sec t ion  5, w e  note  t h a t  w e  can c o n s t r u c t  a 
hybrid approximate s o l u t i o n  of the  form (5.5) wi th  only one term. When t h i s  
i s  g iven  by (5.7). Using (5.4) and i s  done, t he  s i n g l e  ampli tude 6 
(5.71, we no te  t h a t  t h e  hybr id  s o l u t i o n  can be expressed as 
091 
The f i r s t  term i n  t h e  second l i n e  of (6.1) i s  j u s t  t h e  f i r s t  term i n  t h e  
pe r tu rba t ion  expansion (5.3). The second term, however, r ep resen t s  t h e  
component of t h e  second p e r t u r b a t i o n  f u n c t i o n  f0 ,2  which is p a r a l l e l  t o  
fO, l .  S i m i l a r  observa t ions  hold f o r  t h e  o t h e r  problems w e  have cons idered  
when t h e  6. 's  are expanded f o r  s m a l l  va lues  of E .  Based upon t h i s  
d i scuss ion ,  t h e r e  is  ano the r  way of c h a r a c t e r i z i n g  those  problems f o r  which 
t h e  hybrid method should be he lp fu l .  I f  t h e  p e r t u r b a t i o n  method produces an 
approximate s o l u t i o n  which seems t o  have about t h e  r i g h t  shape, but  no t  t h e  
proper  amplitude, then  t h e  hybrid method should be appl ied.  This  was very  
ev ident  i n  t he  computation of the p res su re  c o e f f i c i e n t  €or a p r o l a t e  sphero id  
J 
-23- 
considered i n  Sec t ion  4 (see Figure 5 ) .  A more i n t e r e s t i n g  example was con- 
s i d e r e d  by Davis and Geer [51 ,  who used uniform s l e n d e r  body theory  t o  
i n v e s t i g a t e  t h e  i n t e r a c t i o n  of s h i p s  maneuvering i n  shal low water. Thei r  
a n a l y s i s  produced expres s ions  f o r  t h e  forces  and torques  a c t i n g  on t h e  s h i p s  
which had about t h e  r i g h t  shape (when expressed as a func t ion  of t h e  d i s t a n c e  
between t h e  s h i p s  and compared wi th  some experimental  evidence) ,  but  not  t h e  
proper  amplitude. Thus, i t  would seem p laus ib l e  t o  expect t h a t  t h e  hybr id  
method should improve t h e  accuracy of t h e i r  r e s u l t s  f o r  t h i s  problem. 
The convergence of t h e  hybrid nethod as t h e  n m b e r  of terms i n  t h e  ex- 
p r e s s i o n  i n c r e a s e s  has  been inves t iga t ed  exper imenta l ly ,  but  has  not  been 
addressed formally.  For in s t ance ,  f o r  our  s i m p l e  example of Sec t ion  3, w e  
have computed t h e  r e l a t i v e  L2 e r r o r  of both t h e  p e r t u r b a t i o n  and hybrid 
s o l u t i o n s  f o r  values  of E between 0 and 15, us ing  e i t h e r  n = 2 o r  n = 
4 terms i n  t h e  approximation. The results are p l o t t e d  i n  F igure  11. Clear- 
l y ,  f o r  each value of E ,  t h e  e r r o r  i n  t h e  hybrid s o l u t i o n  i s  d iminish ing  
as  n i n c r e a s e s  from 2 t o  4. Asymptotically,  as E. approaches i n f i n i t y ,  
t h e s e  e r r o r s  approach 0.9258 (n  = 2)  and 0.9045 ( n  = 4 ) .  It is  i n t e r e s t i n g  t o  
n o t e  t h a t  t h e  p e r t u r b a t i o n  s o l u t i o n  has  a f i n i t e  r a d i u s  of convergence 
R = 2a, s i n c e  t h e  exac t  s o l u t i o n  has s i n g u l a r i t i e s  a t  E. = f 2 n i .  (The 
denominator i n  t h e  expres s ions  f o r  t h e  d e l t a s  with 
E. = a6.3061,  which are good estimates of t h e s e  s i n g u l a r i t i e s . )  The hybr id  
! s o l u t i o n  provides  a reasonable  approximation f o r  va lues  of E. beyond t h e  
r a d i u s  of convergence of the s o l u t i o n  upon which it i s  based, and presumably 
t h i s  approximation w i l l  improve as n is increased.  This po in t  w i l l  be d i s -  
cussed a t  g r e a t e r  l e n g t h  elsewhere,  when w e  apply our  method t o  s e v e r a l  o t h e r  
two p o i n t  boundary va lue  problems. 
n = 4 has a roo t s  a t  
I 
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There are s e v e r a l  ways i n  which t h e  b a s i c  method w e  have presented  can be 
r e f i n e d  o r  extended. For  example, a set of func t ions  o t h e r  than t h e  se t  
{u j}  can be used i n  t h e  o r thogona l i ty  cond i t ions  (2.4) t o  determine t h e  
amplitudes { t S j ) .  That i s ,  we could demand t h a t  t h e  r e s i d u a l  formed by 
i n s e r t i n g  ( 2 . 3 )  i n t o  (2.1) should be or thogonal  t o  another  set  of func t ions ,  
say  which might be r e l a t e d ,  say ,  t o  t h e  a d j o i n t  of the  ope ra to r  L . 
In addi t ion ,  some o t h e r  c r i t e r i o n ,  i n  p l ace  of (2.4), might be used t o  de te r -  
{vj), 
mine the  (Sj), e.g., a l e a s t  squares  c r i t e r i o n .  For computational pur- 
poses ,  there  may be some advantage t o  o r thogona l i z ing  and s c a l i n g  t h e  {u j}  
before  applying t h e  cond i t ions  (2.4). Also, t h e r e  is no reason why t h e  
f i r s t  n terms i n  t h e  p e r t u r b a t i o n  s o l u t i o n  must be used as a b a s i s  f o r  t h e  
hybrid so lu t ion .  I n  f a c t ,  i t  is c e r t a i n l y  conceivable  t h a t  c e r t a i n  h ighe r  
o r d e r  pe r tu rba t ion  func t ions  might add more new shape informat ion  about t h e  
s o l u t i o n  than some lower o rde r  terms. In the problem considered i n  Sec t ion  5, 
f o r  example, w e  could cons ide r  forming a hybrid s o l u t i o n  c o n s i s t i n g  o f ,  f o r  
example, f o  1 ,  f0 ,2 ,  f0,3, and f1,2. The problem of choosing an "optimal" 
set  of pe r tu rba t ion  f u n c t i o n s  t o  use  as a b a s i s  f o r  t h e  hybrid s o l u t i o n  (both  
from a computational and t h e o r e t i c a l  po in t  of view) is  c u r r e n t l y  under inves t -  
i g a t i o n  and progress  on t h i s  po in t ,  as w e l l  as those  mentioned above, w i l l  be 
repor ted  as progress  i s  made. 
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APPENDIX 
I n  t h i s  appendix, w e  s h a l l  d e s c r i b e  b r i e f l y  t h e  i t e r a t i v e  method w e  used 
t o  s o l v e  equa t ions  (4.2) and (5.2) numerically. Using a r e s u l -  of Handelsman 
and Keller [12 ] ,  w e  see t h a t  t h e  r i g h t  s i d e  of equa t ion  (4.2) approaches 
2 i ( z , c )  86 c -?- n; Thltn: i f  w e  add and s u b t r a c t  2f (2 ,~ :  on t h e  r i g h t  
s i d e  of (4.2) and then d e f i n e  
w e  f i n d  t h a t  (4.2) can be w r i t t e n  as 
where t h e  l i n e a r  o p e r a t o r  L is defined by 
2 
From Handelsman and Keller [12],  i t  follows t h a t  L (F(z ) )  = O(c F ( z ) )  as 
E: + 0. This sugges t s  t h a t  w e  could solve equat ion (A.2) by d e f i n i n g  t h e  
sequence of approximations {Fk(Z) 1 by 
( z )  = L(Fk(z)) ,  k = 0 , 1 , 2 , * * *  . Fk+l 
-30- 
The i t e r a t i v e  scheme (A.3)-(A.5) w a s  used t o  so lve  equat ion  ( 4 . 2 )  numerical- 
l y .  As ind ica ted  in Sec t ion  4 ,  t h e  l i m i t s  of i n t e g r a t i o n  a and $ were 
t r e a t e d  as known q u a n t i t i e s ,  us ing  the Taylor  series expansions obta ined  by 
Handelsman and Keller, as w e l l  as s e v e r a l  more terms which w e  c a l c u l a t e d  us ing  
t h e  symbolic computation system MACSYMA [16 I .  The terms in t h e s e  series were 
used w i t h  t h e  r a t i o  and roo t  tests t o  estimate t h e  rad ius  of convergence of 
t h e  formal p e r t u r b a t i o n  series, as mentioned i n  Sec t ion  4. We found t h a t  t h e  
scheme (A.3)-(A.5) converged r a t h e r  qu ick ly  f o r  a - -  < z < $, but  converged 
r a t h e r  slowly f o r  0 - < z < a o r  $ < z - < 1. Never the less ,  t h e  scheme d i d  
produce (eventua l ly)  t h e  c o r r e c t  s o l u t i o n  t o  equat ion  ( 4 . 2 )  on t h e  e n t i r e  
i n t e r v a l  0 - -  < z < 1 f o r  a l l  t h e  examples w e  t r i e d .  
Equation (5.2) can a l s o  be solved by i t e r a t i o n  by f i r s t  r e w r i t i n g  i t  as 
Using a r e s u l t  from Handelsman and Keller [131, w e  see t h a t  
G(z,E)  = O(log(& 2 1) and M(F(z)) = O(F(z)),  as E + 0. These f a c t s  
sugges t  tha t  we d e f i n e  a sequence of approximations by 
-3 1- 
We found that the scheme (A.9)-(A.10) converged to  the so lut ion of (5 .2)  for 
a l l  the cases w e  tr ied ,  but with the same type of non-uniform convergence as 
noted above. 
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Table I 
n 
u(z> 1 2 3 4 
u j (z> :  
j = l  
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
u (E = 2) 
u (E = 5) 
u (E = 10) 
0 
1 . 000 
0.189 
1.000 
0.225 
1.000 
0.233 
1.000 
0.235 
1 .ooo 
0.235 
1 .ooo 
0.235 
1.000 
0.235 
0.122 
0.269 
0.403 
0 
0 
0.189 
0.100 
0.225 
0.123 
0.233 
0.129 
0.235 
0.130 
0.235 
0.130 
0.235 
0.131 
0.235 
0.013 
0.067 
0.164 
0 
0 
0 
0.100 
0.014 
0.123 
0.018 
0.129 
0.020 
0.130 
0.020 
0.130 
0.020 
0.131 
0.020 
0.001 
0.014 
0.062 
0 
0 
0 
0 
0.014 
0.005 
0.018 
0.007 
0.c20 
0.008 
0.020 
0.008 
0.020 
0.008 
0.020 
0.000 
0.003 
0.021 
 norms of t h e  d i f f e r e n c e s  u(x)  - f a jg j (x )  
j =1 
f o r  t h e  s imple two- 
po in t  boundary va lue  problem of Sec t ion  3, where t h e  func t ions  u(x)  have 
been normalized and t h e  func t ions  g j ( x )  have been obtained from t h e  
pe r tu rba t ion  func t ions  u1 t o  u4 by t h e  Gram-Schmidt process.  The numbers 
appear ing  i n  t h e  t a b l e  are t h e  q u a n t i t i e s  
Thus, t h e  smaller t h e  e n t r y  t h e  b e t t e r  t h e  f u n c t i o n  is approximated. The las t  
t h r e e  rows i n  t h e  t a b l e  correspond t o  t h e  exac t  s o l u t i o n  of t h e  problem (3.1). 
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f 1 ,o 
f 2 , l  
f3 ,2  
f:, 2 -  n
f (c = .03) 
f (c = .07) 
f ( c  = .11) 
Table I1 
0 0 0 0 
0.647 0 0 0 
0.975 0.045 0 0 
0.885 0.445 O.UY5 0 
0.045 0.000 0.000 0.000 
0.195 0.032 0.000 0.000 
0.525 0.276 0.032 0.032 
n 
1 2 3 4 
n  norms of t h e  d i f f e r e n c e s  f ( z )  - 1 a . g . ( z ) ,  where t h e  func t ions  
j=l J J  
f ( z )  
t h e  p o t e n t i a l  flow p e r t u r b a t i o n  c o e f f i c i e n t  func t ions  
f3 ,2  
q u a n t i t i e s  
have been normalized and t h e  func t ions  g j (Z)  have been obtained from 
f1 ,0 ,  f2 ,1 ,  f 2 , 0 ,  and 
by t h e  Gram-Schmidt process.  The numbers appearing i n  t h e  t a b l e  are t h e  
n 1 
(1 - 1 where a = 1 f ( z )g . ( z )dz .  
j=l  j o  J 
The last  t h r e e  rows i n  t h e  t a b l e  correspond t o  t h e  s o l u t i o n  of t h e  i n t e g r a l  
equa t ion  (4.2) ob ta ined  numerically.  
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fO , j (Zb  
j=l 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
f (E = 0.3) 
f (E = .07) 
f (E = 011)  
Table 111 
n 
1 2 3 4 
0 
0.823 
0.985 
0.990 
0.991 
0.991 
0.992 
0.993 
0.994 
0.995 
0.997 
0.998 
0.998 
0.999 
0.999 
0.045 
0.195 
0.525 
0 
0 
0.032 
0.089 
0.158 
0.245 
0.349 
0.468 
0.592 
0.706 
0.799 
0.868 
0.915 
0.946 
0.965 
0.000 
0.032 
0.276 
0 
0 
0 
0.000 
0.000 
0.000 
0.032 
0.055 
0.084 
0.126 
0.179 
0.239 
0.302 
0.370 
0.439 
0.000 
0.000 
0.032 
0 
0 
0 
0 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.045 
0.071 
0.000 
0.000 
0.032 
f ( z )  have been normalized and t h e  f u n c t i o n s  g j ( z )  have been ob ta ined  from 
t h e  e l e c t r o s t a t i c  p o t e n t i a l  p e r t u r b a t i o n  f u n c t i o n s  fo,1, f o , 2 ,  f0 ,3 ,  and 
by the GramSchmidt process.  The numbers appearing i n  t h e  t a b l e  are t h e  f0 ,4  
q u a n t i t i e s  
1 
a j  = 1. f ( z ) g j ( z )  dz. “ 2  ( 1  - a j ) ,  where 
j=l  0 
The last  th ree  rows i n  t h e  t a b l e  correspond t o  t h e  s o l u t i o n  of t h e  i n t e g r a l  
e q u a t i o n  (5.2) ob ta ined  numerically.  
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FIGURE CAPTIONS 
1. 
2 .  
3. 
4. 
5. 
6.  
7. 
8. 
Comparison of solutions to the two point boundary value problem (3.1): 
hybrid solution, using two terms in the approximate solutions for (a) 
E = 2 and (b) E = 5. 
( 0  o o o 0 )  exact solution, (- - - - -) perturbation solution, ( 1 
Comparison of solutions to the two point boundary value problem (3.1): 
hybrid solution, using four terms in the appLUxiiiiate s o h t i s n s  fer ( a )  
E = 5 and (b) E = 10. 
( 0  o o o 0 )  exact solution, (- - - - -1 perturbation solution, ( ) 
A typical slender body of revolution, with an indication of the 
coordinate system and the region of distribution of singularities. 
Comparison of approximate solutions to the integral equation ( 4 . 2 )  
obtained numerically ( 0  o o o o ) ,  using the perturbation solution (- - - 
- -), and using the hybrid solution ( ) for: (a) E = 0.03; (b) 
E = 0.07; (c) E = 0.11. In (a ) ,  only one term was used in the 
perturbation and hybrid solutions, while in (b) and (c) three terms were 
used . 
Pressure coefficient for a prolate spheroid with E = 0.3 using the 
exact solution ( 0  o o o o ) ,  the perturbation solution (- - - - -) with 
one, three, and six terms, and the hybrid solution ( ) with one 
term. 
Pressure coefficient for a peanut shaped body of section 4 using the 
solution obtained numerically ( 0  o o o 01, the perturbation solution (- 
- - -  -), and the hybrid solution ( ) for (a) E = 0.03, (b) 
E = 0.07, and (c) E = 0.11. I n m n l y  one term was used in the 
perturbation and hybrid solutions, while in (b) and (c) three terms were 
used . 
Comparison of approximate solutions to the integral equation (5.2) 
obtained numerically ( 0  o o o o ) ,  using the perturbation solution (- - - 
- -1, and using the hybrid solution ( ) for: (a) E = 0.03; (b) 
E = 0.07; and (c) E = 0.11. In each case, four terms were used in 
the perturbation and hybrid solutions. 
The first 15 perturbation coordinate functions uj (x) appearing in 
equation (3 .2 ) .  The functions u1 to u3 are plotted with solid 
lines, while the remaining functions appear as dotted lines. Each 
function has been normalized so that its maximum absolute value is 1. 
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9. 
10. 
11. 
The f i r s t  f o u r  p o t e n t i a l  f low p e r t u r b a t i o n  coord ina te  f u n c t i o n s  
f i , j ( Z )  appear ing  i n  equat ion  (4.3 1. The func t ions  have been 
normalized s o  t h a t  each one is equal  t o  1 a t  z = 0. 
The f i r s t  10 e l e c t r o s t a t i c  p o t e n t i a l  p e r t u r b a t i o n  coord ina te  func t ions  
f o , j ( z )  appearing i n  equat ion  (5.3). The func t ions  have been 
normalized s o  t h a t  each one i s  equal  t o  1 a t  z = 0. 
P l o t  of t h e  r e l a t i v e  L2 e r r o r  between t h e  exac t  s o l u t i o n  t o  problem 
(3.1) and t h e  p e r t u r b a t i o n  s o l u t i o n  (- - - - -) and t h e  hybrid s o l u t i o n  
( ) us ing  2 and 4 terms i n  t h e s e  approximate so lu t ions .  
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